ABSTRACT
Introduction
An inverted pendulum is known to have been introduced by Kapitza [2] . The inverted pendulum system is a challenging unstable system with the pendulum tilt angle always trying to topple down and needs a constant control signal [3] . There exists many two wheeled robotic vehicle that are based on classical inverted pendulum control problem. These include the Segway Human Transporter project [8] , JOE robot the inverted pendulum, a mobile inverted pendulum [9] and more recently, Quasimoro, a quasiholonomic mobile robot [10] . These robots can move on the flat and complex terrain, such as sloped and irregular surfaces [12] . Number of contributions have dealt with the problem of an inverted pendulum system with high maneuverability and ability to move over inclined surfaces within a limited inclination of [10] . In [7] , the authors addressed a wheeled inverted pendulum robot where a feed-forward torque, calculated with the estimated slope angle to maintain the stability of the robot on the slope, while was prevented it from moving downwards. Inclined slops will increase the challenge of controlling the inverted pendulum. The change of the surface inclination angle will change the central angle of the robot accordingly. This change will in turn make it harder for the controller to maintain the pendulum at the upright angle. [4~6] . This research presents a new developed model of a two-wheeled balancing robotic vehicle with an extended height moving on an inclined slope. The model presented is a nonlinear model with friction model to enable simulating the system on different environments. Equations of motion are presented and a three-loop control scheme is introduced with simulations promising results for controlling a twowheeled vehicle with an extended rod moving on an inclined surface.
System Description
The system is a novel two-wheeled vehicle with an extendable intermediate body [13] [14] . The two-wheeled robotic vehicle considered in this work comprises a rod on an axle incorporating two wheels as described in Figure 1 and Figure 2 . The physical parameters of the vehicle are described in Table I . The robot is powered by two DC motors driving the vehicle wheels and a linear actuator connecting the two parts of the IB which allows the attached payload to lift up the payload to a demanded height. The Z axis points vertically upward, the Y axis is parallel and coincides with the wheels axle, and the X axis is determined according to the right-hand rule in the rectangular coordinate system. The IB is considered balanced if it coincides with the positive Z axis. Partial angular deviation from the Z axis causes an imbalance in the vehicle with a tilt angle  around the X axis. 
Mathematical Model and Equations of Motion
Compared with two-wheeled vehicle on flat surface, twowheeled vehicle on an inclined surface is more complex. The system is unstable, multi-variable, and nonlinear with strong coupling [3] , the Euler-Lagrange modeling approach will be used to derive the equations of motion of the system to reduce the complexity. The Euler-Lagrange approach utilizes the use of kinetic and potential energy of the system to derive the dynamic model of the system.
The following equations of motion are derived based on Figure 2 . Figure 2 Schematic diagram of the vehicle
Vehicle Lagrangian dynamics
In Euler-Lagrange approach, the following dynamic equation can be expressed for n degrees of freedom (DOF) of the system.
where is the Lagrangian function, is generalized force vector and is generalized coordinate vector. The coordinate vector is selected as: =  (2) and the force vector as:
System nergy equirements e r
The total energy, The Lagrangian L of the model can be described as the sum of kinetic energy, T, and potential energy, V, of the system components; cart, lower and upper parts of IB, and the payload as:
The pendulum kinetic energy 
where and are the mass moments of inertia of the lower rod, linear actuator, upper rod and the payload respectively around the IB centre of mass. Summing equations (7) - (11) yields the total kinetic energy of the system as:
The potential energies of each component are written as:
The potential energy of the vehicle can be obtained by summing equations (13), (14), (15), (16) and (17) yielding:
The Lagrangian equation can be written as:
Vehicle dynamic equations
The system equations of motion of the model can be written as:
Manipulating the equations yields the vehicle equations of motion represented by three equations that are written as:
Control Strategy
The proposed control scheme consists of three independent control loops, as shown in Figure 3 . Each individual loop represents a hybrid control scheme; fuzzy PD -like combined with conventional integrator (PD + I FLC) as shown in Figure 4 . The objective of first is to stabilize the IB at the vertical upright position. The second controller is utilized to keep the cart wheels within a specified linear position from a predefined reference position while moving on an inclined surface. The third controller is developed to control the linear displacement of the payload along the IB. The inputs for the PD + I FLC are the error signal, change of error and the sum of previous errors. The control approach was developed and implemented to control the vehicle. The system inputs are the driving force , the linear actuator force and the disturbance force . FLC controllers are developed based on Mamdani-type fuzzy inference engine with 25 fuzzy rules presented in Table 2 . Table 2 Fuzzy rule base 
Simulation Results
The model was built and simulated in Matlab Simulink environment. The simulation parameters used were M=3 kg, =0.3 kg, =1.5 kg, = 0.8 kg, = 1.5 kg, = 10 kg, = 0.003025 kg. , = 0.005 kg. , = 0.225 kg. , =0.005 kg. . The system is tested using the following reference inputs:

Step input of 0.5 meters for cart displacements.  Tilt angle was set to zero (rad).  Payload position reference to follow a predefined input signal Figure 5 Cart displacment of the system Figure 6 Tilt angle of the system The response of the cart displacement is depicted in Fig.  5 , it is noted that the proposed controller was capable to track the reference input with a satisfactory response and a reasonable overshoot. The system settled within 4 sec. Fig. 6 shows the response of the tilt angle; it can be easily observed that the tilt angle was maintained at zero rad at all times with little initial oscillations before the system settled. Fig 7 shows that the control technique used was able to achieve the target orientation of the linear actuator and achieved a very good result.
Further simulations with different inclination angles were carried to test the vehicle ability to move on different inclined planes 0, 10, 20 rad. Travel distance of 0.5 meters was used. Figures 8,9 ,10 and 11 show the system response and control efforts in terms of torques required to stabilise and drive the vehicle. It is clear that the control system was stable and converged to the desired set values within less than 7 seconds. 
Conclusion
The mathematical model, based on Lagrangian dynamic formulation, of a new type of two-wheeled robotic machine system with an extended rod on inclined surface has been derived and the equations of motion are presented. A three-loop control scheme was presented and applied. The model was simulated in Matlab Simulink environment and successfully stabilized. Three control algorithms have been used; a Proportional-Derivative plus Integral Fuzzy Logic Control (PD+I FLC) controllers. The control technique used was able to achieve the balance condition, payload vertical motion with limited overall system oscillations on different inclined surfaces.
The results were satisfactory with the control technique used. 
